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Abstract 



I Given a weight of sl{n,C), we derive a system of variable-coefRcient second- 

order linear partial differential equations that determines the singular vectors in 
• the corresponding Verma module, and a differential-operator representation of the 

, symmetric group Sn on the related space of truncated power series. We prove that 

the solution space of the system of partial differential equations is exactly spanned 
by {o"(l) I a G Sn}- Moreover, the singular vectors of s/(n, C) in the Verma module 
are given by those cr{l) that are polynomials. The well-known results of Verma, 
\ Bernstein-Gel'fand-Gel'fand and Jantzen for the case of sl{n,C) are naturally in- 

' eluded in our almost elementary approach of partial differential equations. 

(N 
^. . 

cn 1 Introduction 
o 

O ■ One of the most beautiful things in Lie algebras is the highest weight representation 
- ^ , theory. It was established based on the induced modules of a Lie algebra with respect to 
^ ■ a Cartan decomposition from one-dimensional modules of the Borel subalgebra associated 



with a linear function (weight) on the Cartan subalgebra. These modules are now known 
as Verma modules [VI]. A singular vector (or canonical vector) in a Verma module is a 
weight vector annihilated by positive root vectors. It is well known that the structure 
of a Verma module of a finite-dimensional simple Lie algebra is completely determined 
by its singular vectors (cf. [VI]). In this paper, we find explicit formulas for singular 
vectors in Verma modules for the Lie algebra sl{n, C) in terms of a differential-operator 
representation of the symmetric group Sn on a certain space of truncated power series. 

The structure of Verma module was first studied by Verma [VI]. Verma reduced 
the problem of determining all submodules of a Verma module of a finite-dimensional 
semisimple Lie algebra to determining the embeddings of the other Verma modules into 
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the objective module. He proved that the multipicity of the embedding is at most one. 
Bernstein, Gel'fand and Gel'fand [BGG] introduced the well-known useful notion of cate- 
gory O of representations, and found a necessary and sufficient condition for the existence 
of such a embedding in terms of the action of Weyl group on weights. Sapovolov [S] in- 
troduced a certain bilinear form on a universal envelopping algebra. Lepowsky [L1-L4] 
studied analogous induced modules with respect to Iwasawa decomposition that is more 
general than Cartan decomposition, and obtained similar results as those in [VI] and 
[BGG]. These modules are now known as generalized Verma modules. 

Jantzen [Jl, J2] introduced his famous "Jantzen filtrations" on Verma modules and 
used Sapovolov form to determine weights of singular vectors in Verma modules. Verma 
modules of infinite-dimensional Lie algebras were first studied by Kac [Kvl]. Kac and 
Kazhdan [KK] generahzed the results of Verma [VI] and Bernstein-Gel'fand-Gerfand 
[BGG] to the contragredient Lie algebra corresponding a symmetrizable generalized Car- 
tan matrix. Deodhar, Gabber and Kac [DGK] generalized the results further to more gen- 
eral matrix Lie algebras. Rocha-Caridi and Wallach [RWl, RW2] generalized the results 
of Verma [VI] and Bcrnstcin-Gcl'fand-Gcrfand [BGG] to a class of graded Lie algebras 
possessing a Cartan decomposition and obtained Jantzen's character formula correspond- 
ing to the quotient of two Verma modules. The resolutions of irreducible highest weight 
modules over rank-2 Kac-Moody algebras were constructed. 

One of the fundamental and difficult remaining problems in this direction is how to 
determine the singular vectors explicitly. Mahkov, Feigin and Fuchs [MFF] introduced a 
formal manipulation on products of several general powers of negative simple root vectors 
and used free Lie algebras to give a rough condition when such product is well defined. 
It seems to us that their condition can not be verified in general and their method can 
practically be applied only to finding very special singular vectors. 

In this paper, we introduce an almost elementary partial differential equation approach 
of determining the singular vectors in any Verma module of sl{n,C). First, we identify 
the Verma modules with a space of polynomials, and the action of sl{n, C) on the Verma 
module is identified with a differential operator action of sl{n, C) on the polynomials. 
Any singular vector in the Verma module becomes a polynomial solution of a system 
of variable-coefficient second-order linear partial differential equations. Thus we have 
changed a difficult problem in a noncommutative space to a problem in commutative 
space. However, it is in general impossible to solve the system in the space of polynomials. 
So we extend the action of sl{n,C) on the polynomial space to a larger space of certain 
truncated formal power series. On this larger space, the negative simple root vectors 
become differential operators whose arbitrary complex powers are well defined (so are 



their products) . In this way, we overcome the difficulty of determining whether a product 
of several general powers of negative simple root vectors is well defined in the work [MFF] 
of Mahkov, Feigin and Fuchs. Next we define a differential-operator representation of the 
symmetric group S'„ on the space of truncated power series. Using commutator relations 
among root vectors and a certain substitution-of-variable technique that we developed 
in [X], we prove that the solution space of the system of partial differential equations in 
the space of truncated power series is exactly spanned by {cr(l) | o G Sn\. Moreover, 
the singular vectors of s/(n, C) in the Verma module are given by those cr(l) that are 
polynomials. In particular, there are exactly n\ singular vectors up to scalar multiples in 
the Verma module when the weight is dominant integral. 

In Section 2, we derive the system of partial differential equations and a differential- 
operator representation of the symmetric group Sn on the space of certain truncated 
formal power series. Moreover, we prove that {cr(l) | a G Sn\ are the solutions of the 
system. In Section 3, we completely solve the system in the space of power series. 

2 Differential Equations and Representations 

In this section, we first derive a system of variable-coefficient second-order partial differen- 
tial equations that determines the singular vectors in the Verma modules over the special 
linear Lie algebra sl(n, C). Then we construct a differential operator representation of the 
symmetric group S'„ on the related space of truncated formal power series and prove that 
{cr(l) I a G 5*,,} arc the solutions of the system in the space. 

Denote by E^^j the square matrix with 1 as its (i,j)-entry and as the others. The 
special linear Lie algebra 




(2.1) 



l<i<j<n 



with the Lie bracket: 



[A, B\= AB- BA for A,B e sl{n, C). 




Set 



hi — Ei^i — Ei^i^i^i, 



i = l,2,.... 



n-1. 



(2.3) 



The subspace 



n— 1 




(2.4) 



forms a Cartan subalgebra of sl{n, C). We choose 



{Ei,j \ 1 <i < j <n} as positive root vectors. 



(2.5) 



o 



In particular, we have 



{Ei^i^i I i = 1, 2, n — 1} as positive simple root vectors. (2.6) 

Accordingly, 

{Ejj \ l<j<i<n} are negative root vectors (2.7) 

and we have 

{Ei^i^i I i = 1, 2, n — 1} as negative simple root vectors. (2.8) 
Denote by N the additive semigroup of nonnegative integers. Let 

r= J] Ne,,j (2.9) 

l<j<i<n 

be the torsion-free additive semigroup of rank n{n — l)/2 with ejj as base elements. Let 
Q- be the Lie subalgebra spanned by (2.7) and let U{Q-) be its universal enveloping 
algebra. For 

a = ^ aijeij G T, (2.10) 

l<j<i<n 

we denote 

= E^E^E^e^ ■ ■ ■ <r • • • <n-l^ G U{g.). (2.11) 

Then 

I a e r} forms a basis of C/(^-). (2.12) 
Let A be a weight, which is a linear function on if, such that 

\{hi)^\i for i = l,2,...,n- 1. (2.13) 

Recall that si(n, C) is generated by | i = 1,2, ...,n — 1} as a Lie algebra. 

The Verma sl{n, C)-module with the highest-weight vector v\ of weight A is given by 

Mx = Spanj^^-UA | a e T}, (2.14) 

with the action determined by 

i—l n 

j=l j=i+2 

n n 

+ai+,,i{Xi + 1- Yl '^3,i + (^j,i+i)E''-''^'-')vx, (2.15) 

j=i+l j=i+2 
i-1 

Ei+^.iE'^vx) = {E"+^^+^- + J2 a,jE''+''+^--'-^)vx (2.16) 



hr i — 1, ...,n — 1. For any a e F, we define the weight of E°'vx by 

i—l II 

(wt E°'vx){hi) = (Aj + ^(Q;i,p - aj+i.p) + ^ (a^.i+i - a^.i) - 2Q;i+i,j)/ii (2.17) 

p=l j=i+2 

ioT i — 1, ...,n — 1. Then the Verma module Mx is a space graded by weights. A singular 
vector is a homogeneous nonzero vector u in Mx such that 

Ei,i+i{u)^0 for i = (2.18) 

Here we have used the fact that all positive root vectors are generated by simple positive 
root vectors. The Verma module is irreducible if and only if any singular vector is a scalar 
multiple of vx- 

Consider the polynomial algebra 

A = C[xij \ l<j<i<n] (2.19) 

in n{n — l)/2 variables. Set 

= Yl for a e F. (2.20) 

l<j<i<n 

Then 

{x°' I q; e F} forms a basis of A. (2-21) 
Thus we have a linear isomorphism r : Mx A determined by 

TiE'^vx) = for a e F. (2.22) 

The algebra A becomes s/(n, C)-module by the action 

A{f) = T{A{T-\f))) for A e sl{n, C), f e A. (2.23) 

For convenience, we denote the partial derivatives 

dij = 9^. , for l<j <i<n. (2.24) 

In particular, 

n n i—l n 

~ ^ Xj^i+idj^i+i)di+i^i + ~ ^ Xj^i+idj^i (2.25) 

j=i+l j=i+2 j=l j=i+2 

fori = 1,2, ...,n-l by (2.15). 



Proposition 2.1. A homogeneous vector u e Mx is a singular vector if and only if 

di{T{u)) = Q for i = l,2,...,n- 1. (2.26) 



The system of partial differential equations 

n n 

j=i+l j=i+2 
i—l n 

+ J2^iA+iji^) - = (2-27) 

j=l j=i+2 

for i = 1, 2, n — 1 and unknown function z in {xij \ l<j<i<n},is called the system 
of partial differential equations for the singular vectors of sl{n,C). 

Next we want to construct a differential operator representation of the symmetric 
group Sn on the related space of truncated series and prove that {cr(l) | a G Sn} are the 
solutions of the system. First, we have 

i-1 

rji = -Ej+i^iU = + XI ^i+^Aj (2-28) 

for i — 1,2, n—1 by (2.16). Now we view {di, rji \ i — 1,2, n—1} purely as differential 
operators acting on functions of {xij \ 1 < j < i < n}. In this way, we get a Lie algebra 
action on functions of {xij \ l<j<i<n} through = di and = rji because 

sl{n, C) is generated by | i = 1, 2, n — 1} as a Lie algebra. Note that 

i—l n 

hiiE'^vx) = {Xi + 5^(ai,p - ai+i,p) + Yl ("j>*+i " "i-*) " '^c,i+hi)E"vx (2.29) 

p=l j=i+2 

for i = 1, 2, n — 1 and a eT. Accordingly, we set 

i—l n 

Ci — hil^ = Xj + y ]{xi^pdi^p—Xi^i^pdi^i^p)+ {xj^i^idj^i^i—Xj^idj^i)—2xi^i^idi^i^i (2.30) 

p=l j=i+2 

for i = 1,2, ...,n — 1. The elements hi act on functions of {xij \ l<j<i<n} through 
Q. A function / of {xij \ 1 < j < i < n} is called weighted if there exist constants 
III, ii2, A*n-i such that 

Ci{f) = l^if for z = l,2,...,n-l. (2.31) 

Since di maps weighted functions to weighted functions, the system (2.27) is a weighted 
system. Any nonzero weighted solution of the system (2.27) is a singular vector of sl{n, C). 

a 



In particular, any nonzero weighted polynomial solution / of the system (2.27) gives a 
singular vector r~^{f) in the Verma module Mx- 
Let 

Ao = C[xij |l<j<i-2<n-2] (2.32) 
be the polynomial algebra in {xij \ l<j<i — 2<n — 2}. We denote 

n-l 

^" = n^m,i a=(ai,a2,...,a„_i)eC'^-\ (2.33) 

1=1 

Let ^ 

^1 = { E E/a--j^"""'' I 1 < P e N, e C"-\ e A} (2.34) 

be the space of truncated-up formal power series in {^2,1, ^3,2, Xn,n-i} over Ao- Then A 
is a subspace of Ai- Since ^1 is invariant under the action of = di, = 

Tji \ i — 1,2, n — 1}, Ai becomes an sl{n, C)-module. 
For a e C and p e N, we denote 

(a)p = a(a - l)(a - 2) • • • (a - p + 1) 

Moreover, by (2.28), we define 

i—l 00 I \ i—l 

Vt = (^.+1,. + E = E ^<m(E ^^-^^AjT (2.36) 

j=l p=0 ^" i=l 

as differential operators on Ai, for i = 1, 2, n — 1 and a e C. If a ^ N, then the above 
summation is infinite and the positions of Xj+i^j and Xi+\,jdi,j) are not symmetric. 

Since Xj+i^j and (X^j=^ commute, we have 

CC^C^"' forai,a2eC. (2.37) 

In particular, the inverse of the differential operator r]^ is exactly ry^"". 
Given two differential operators d and d, we define the commutator 

[d, d] = dd — dd 
For any element f & Ai and r G C, we have 

[di+i,i. = - = r^mV' (2-39) 

that is, 

[9i+i,i,<+i^J = rx^~i^^i as operators. (2.40) 



(2.35) 



(2.38) 



Note that if (r,s) ^ {{i + | j = 1, and {p,q) ^ | i = 1, 1}, then 

[dr,s,vt] = [^P,„vt] = (2.41) 

directly by (2.36). Now 



(a)p i 
p! 



p=0 ^" j=l 



i-1 



p=0 j=l 



p=0 ^" j=l 



i-1 



a-1 



by (2.40). Moreover, for j = 1, 2, i - 1, 



p=0 

oo 



i-1 



p=0 

oo 



p! 



p=0 s=l 



i-1 



and similarly, 



^i'] = -O'^i ^i+ij for J = 1, 2, i - 1. 



(2.42) 



(2.43) 



(2.44) 



Lemma 2.2. For i, Z e {1, 2, n—l} and a E C, we have: 

[di,r)t]^a5i,ir)r\l-a + Ci). 

Proof. Note that 

[Ei,i+,, Er+,,,] = mS,,iEr^-,}{l -m + h,) for m e N 



(2.45) 



(2.46) 



(cf. (2.3)). So (2.45) holds for any a e N by (2.25), (2.28) and (2.30). Since (2.45) is com- 
pletely determined by (2.41)-(2.44), which are independent of whether a is a nonnegative 
integer, it must hold for any a e C. □ 



Denote the Cartan matrix of sl{n, C) by 



02,1 



ai,2 

^2,2 



01, n-l 

02, n-l 



2 -1 
-1 2 



■-. -1 

-1 2 



(2.47) 



o 



Lemma 2.3. For i, I e {1, 2, n — 1} and a e C, 

[0,77-] = -aa,X- (2-48) 

Proof. Observe that 

[hi, ET^,^^] = mai,,ET^,^, for m e N (2.49) 

(cf. (2.3)). Hence (2.48) holds for any a e N by (2.28) and (2.30). Again (2.48) is com- 
pletely determined by (2.41)-(2.44), which are independent of whether a is a nonnegative 
integer. Thus (2.48) must hold for any a e C. □ 

In order to construct a differential-operator representation of the symmetric group Sn 
on Ai, we need the following result. 

Lemma 2.4. For any oi, 02 € C and 1 <i < n — 1, we have 

Vi Vi+i Vi — Vi+iVi Vi+i- l^z.ou; 
Proof. Note that for a e C, we have 

i 

p=i 

by (2.40). Moreover, 

i i—l i—l 

^j+2,P^j+l,P> X/ ^i+lJ^ij] ^ X/ ^»+2J^ij- (2.52) 
p=l j=l j=l 

Hence 

p,q=0 ' ' jl=l j2=l 



V" (-l)'"^'(Ql)p+r(ai + Q2)g(p).(g)r+s ^ai+a2-g,V^ ^ o x 

p,q,r,s=0 .... ^.^^^ 



•^1+1,1 



i-1 i-1 
il=l i=i 



p,g,r,s=0 ' '^^ ''^^ '' j2=l 



i-1 



ji=l j=l 



^ {k- s)\s\{p -s)\{q-k)\ Xi+2,j,Oi+,j,) 

q,k,s=0 p=0 ^ J ^ J \'i I 

ii=l j=l 

j-1 



q,fc=0 s=0 ^ y V-i y 

~ A;!fo - A;V •^i+2,i+i I / . •^t+2,i2^i+ij2j 

g,fe=0 '^^ 32=1 

i-l 

X77f-*^(a;,+2,^ + ^a;,+2J9,,,•)' 



i=i 

oo oo / ■• \k / 



_ (~1) (Ql)fc(ai + Q2)fc(Ql + a2 - ^)q-fc ^ai+a2-fc-(g-fc)^'^ ^ _a 

k=0 q=0 '^^ j2=l 

i-l 

i=i 

= E '-^'<'-';<'- + "'^'' tfir-Nr-n^.... + Ex...,a.,)'' (2.53) 

fc=o ■ j=l 



by (2.36), (2.51) and (2.52). Similarly, we have 



„ai _ (-l)^(ai)fc(ai + a2)fc ai-fc ai+g^-fc/ I V'r /9 1^ ^41 

k=0 ' j=l 



01+02 

'H 



Thus 



^ (-l)^(ai)fc(ai + a2)fc ai+aa-fc ai+g^-fc. , V'-r 

/ . ^71+1 Vi [Xi+2,i + 2_^Xi+2,jOij) 

k=0 ' j=l 

vtlinr'"''vtli- ° (2-55) 



„Ol 01+02 02 

'li 'li+1 'li 



It is well known that the symmetric group Sn is a group generated by {ai, ...,a„_i} 
with the defining relations: 

(7i(7i+i(7i = (7j+i(7j(7j+i, (7^0-5 = CTgCrr, '^l — ^ (2.56) 



1 A 



for i — 1,2, n — 2 and r,s — 1, 2, n — 1 such that |r — s| > 2. According to (2.31) 
and (2.34), any element / e can be written as f — J2jez.fj ^^^^ ^^^^ 

Uf,) ^ I^U){h,)f„ l^ij)eH\ (2.57) 
We define an action of {cti, cr„_i} on Ai by 

^.(/) = E^'''^'^^^'(/^)' i^l,2,...,n-l. (2.58) 



Theorem 2.5. Expression (2.58) gives a representation of the symmetric group Sn- 
Moreover, {cr(l) | a e Sn} are weighted solutions of the system (2.27) of partial differential 
equations. 

Proof. Let / e be a weight function with weight /i, that is, Ci{f) — l^{hi)f 
i = 1,2, 1. Then 

i'^Unf) = 'y^{rlf'^^\^)) = Vr^'-^-'iv^^'-^^'if)) = f (2.59) 
by (2.37), (2.47), (2.48) and (2.58). Thus 

{aiU.f = Id^, for i = 1, 2, n-1. (2.60) 

Note 

[((7iUi)(f^mUi)(cxiUJ](/) 

= <T4a,^i(77r('^^)+^(/))] =a,[4i'-^^'^^''^^'(^r^''^^'(/))] 

= [(<TmUJ(^iUJ(<^mUJ](/) (2.61) 
by (2.47), (2.48), (2.50) and (2.58). Hence 

(criUi)(o'i+iUi)(o'iUi) = (o-i+iUi)(o-iUi)(^^i+iUi)- (2.62) 
For |r — s| > 2, we have 

r— 1 s— 1 

?7X' = (^r-+l,r + J] Xr+l,jdr,jnXs+l,s + ^s+l,A,j)' = v'sVr (2.63) 

for a,6 e C by (2.36). So 

[(<^.UJ('^.UJ](/) = ivi^^'^^^^'v^^'^^^'Xf) = [(<7.UJ(<7,UJ](/), (2.64) 



which imphes 

{(^r\Ai){(^s\Ai) = (0-sUi)(crrUi). (2.65) 

According to (2.56), this proves that (2.58) defines a representation of Sn on Ai. 

Now we assume that / G is a weighted solution of (2.27) with weight jj,, that is, 
di{f) = for i = 1, 2, n-1. Given r e {1, 2, n - 1}, 

= {fl{hr) + l)Si,rV'^^''^\-fl{hr)+Cr){f)^0 (2.66) 

by (2.45). So (t,.(/) is also a weighted solution of (2.27). Recall that Sn is generated by 
(Ji, (J2, cr„_i. For any a G we write a — (Ti^cTi^ • • • and 

a(l) = a,,(a,,(---(a,,(l))---)) (2.67) 
is a weighted solution of (2.27) by (2.66) and induction on r. □ 

3 Completeness 

In this section, we want to prove the following theorem of completeness: 

Theorem 3.1. The solution space of the system (2.27) in A\ is spanned by {cr(l) | 
a e Sn}- Moreover, {a"(l) | a e Sn} are all the weighted solutions of the system (2.27) in 
Ai up to scalar multiples. In particular, there are exactly n\ singular vectors up to scalar 
multiples in the Verma module Mx when the weight A is dominant integral. 

Proof. For any 

a = (ai,a2,...,a„_i) e C"^\ (3.1) 

we define 

A _ „a2 «2-A„-i-l ai ai-A„_i-l a—An-i A„_(i_i)-(i-l) 

Va — 1 12 'h 'li '/l 

On-l dn-l— An-l — 1 an-1+2— A2 A„_l— n/i\ ('QO^ 

Then 

0a e A (3.3) 

(cf. (2.32)-(2.34)) and is a solution of the system 

d2{z)^ds{z)^---^dn-l{z)^0 (3.4) 

by Lemmas 2.2, 2.3 and (2.66). 



Claim. An element z in Ai is a solution of the system (3.4) if and only if it can be 
written as 

p 

Y^a^-j4y^'<Pa^-j withcgi_jeC (3.5) 

Jgf^ n-1 i=l 

for some a ^, e C""^. 

Recall Tji — X2,i- By Lemma 2.2, the sufficiency holds. Now we want to prove the 
necessity. Recall that 

Ei+i,i = di, Ei^i+i = r]i as operators on Ai (3.6) 

(cf. (2.25) and (2.28)) for i = 1, 2, n-1. Note 

n-2 

dn—1 — (-^n— 1 ^n,n—l9n,n—l)9n,n—l ~l~ ^ ^ Xn—l,i9n,i- {^■'^) 

i=l 

Moreover, (2.11) tells us that 

dn-2,n = En-2,n\Ai 

— (An-1 + An_2 — Xn,n-2dn,n-2 — Xn,n-ldn,n-l)dn,n-2 

n— 3 

—dn-ldn-l,n-2 + Xn-2,idn,i 
i=l 

— (An-1 + An_2 + 1 — Xn,n-2dn,n-2 — 2^n,n-l^n,n-l)^n,n-2 

n— 3 

—dn-l,n-2dn-l + 'Y^Xn-2,idn,i- (3-8) 



i=l 



Set 



n-1 



Ai = n - i - 1 + ^ Ap for i = 2, 3, n - 2. (3.9) 

p=i 

Furthermore, 

dn-3,n — -E'n-3,nUi 

— (An— 3 2 Xnn—39n,n—3 ^n,n— 2^n,n— 2 Xn,n—l9n,n—l)9n,n—3 

n— 4 

dn—2,ndn—2,n—3 C?n— l^^n— l,n— 3 ~l" ^ ^ •^n—3,i9n,i 

1=1 

3 

— (An-2 — 2 — Xn^n-pdn,n-p))dn,n-3 ~ ^n-2,n-3C^n-2,n ~ ^n-l,n-3^^n-l 

p=l 

n— 4 

~Mn-2,n) ^n-2,n-3] ~ Mn-l; ^n-l,n-3] + Xn-3,idn,i 

i=l 

3 n-4 

(An— 3 ^ ^^ •^n,n—p(^n,n—'p)dn,n—3 ^" ^ ^ •^n—3,i(^n,i 
p=l 1=1 

— dn-2,n-3dn-2,n — 9n-l,n-3C^n-l- (3.10) 



By induction, we can prove that 

p=i q=l j=i+i 

for i = 2, 3, n — 2, where we take 

dn-l,n — dn-l- (3-12) 

Suppose that 

z = /<\0a (3.13) 

is a solution of the system (3.4) for some a e C"~^ and / e (cf. (2.32) and (3.2)). We 
want to prove that / is a constant. Denote 

e, = (0,...,0,i,0,...,0)eC-i (3.14) 

and 

j 

Lij — Ui+j — y~^(An-p +1) for 2 < i < n — 1, < J < n — i — 1. (3.15) 
p=i 

We define 

= { E ^F2rV3-e,-7 I 9j e A} (3.16) 

for i — 2, n—1, and 

n-l 

C/ = ^C/,. (3.17) 

i=2 

Moreover, for fixed i >2, 

ivt'' \ 0<j<n-i-l} (3.18) 

are all the factors in the righthand side of (3.2) that contain Xi^i^p or di^g with p = 1, 
and g = 1, 2, i — 1 by (2.36). Besides, 

[a,+i„r;:-] = .,,,r/:--\ (3.19) 

[di+i,p, ri^'^] = ii,jVi"~'di,p for p = 1, i - 1, (3.20) 

i r— 1 

E vl'''] = ''^^(Tyf - ^ Xi+i,pr)l'-'~^di,p), (3.21) 

i-1 i-1 

\y^,^i,p(^i,pjVi'''] = (3.22) 

where 2 < r < i and 2 < g < i — 1. 



1 /( 



By (3.18)-(3.22), we have 

e Ui (3.23) 

and 

i i 

(J^Xi+i,p9i+i,p)(0s) = Ci,r0s (mod ^t/s), Q,^ e C, (3.24) 

p=r s=l 

for 2 < i < n — 1 and 1 < r < i. Since for 2 < i < n — 2, 

Ei,n = [i?i+i,i+2, • • • , [En_2,n-1, -^'n-l.n] '■■]]) (3.25) 

we have 

di,n = [di, [di+i, • • • [dn-2, dn-i] •••]]. (3.26) 

Thus 

di^^{z) =0 for 2 < i < n - 1. (3.27) 
By (3.11), (3.16) and (3.22)-(3.27), we obtain 

i—l n—1 

di,n{z) = [{Xi-Cn-i,i)dn,i{f) + ^Xi^qdn,q{f)]x2\(l)3- ^ dj^idj^n{z) = (mod ?7) (3.28) 

q=l j=i+l 

for i = 2, 3, n — 2 and 

n-2 

dn-l{z) = {J2^n-l,qdn,g{f)K2'l<t>S = (mod U). (3.29) 
q=l 

Since the constraint on dr^n{z) = (mod U) for r > 2 imphes dr,sdr,n{z) = (mod t/) for 
s = 1, 2, r - 1 by (3.23), (2.28) is equivalent to 

i-l 

di,n{z) = [{\ - Cn-i,i)dn,i{f) + Xi^gdn,q{f)]x2\(l)s = (mod U) (3.30) 

9=1 

for i = 2, 3, n — 2. 

Expressions (3.29) and (3.30) give 

i-l 

XI ^i,q9n,q{f) + i^i " Cn-l,i)dn,i{f) =0 for i = 2, 71-2, (3.31) 

q=l 

n-2 

J2^n-l,qdn,q{f)-0- (3-32) 

q=l 

We view 

^n,l(/), ^n,2(/), dn,n-2{f) aS UukuOWUS. (3.33) 



Then the coefficient determinant of the system (3.31) and (3.32) is 

•"3^2,1 ^2 — Cn-l,2 

X3,l X3^2 

■ ' ■ ' ■ ~ Cn-l,n-2 

•^n—l,a ' ' ' •^n—l,n—3 •^n—l,n—2 

n—1 

— Xp^p^i + g'(x2,l, X3_2, Xn-l,n-2) ^ 0, 

p=2 



(3.34) 



where 5'(x2,i, ^3,2, a:„_i,„_2) is a polynomial of degree n - 3 in {x2,i,X3,2, x„_i,„_2} 
over Aq (cf. (2.32)). Therefore, 

9n,9(/)=0 for g = l,2,....,n-2. (3.35) 

Based on our calculations in (3.23)-(3.25), we can prove by induction that 

dg+rM) = iorl<q<n-2.2<r<n-q. (3.36) 

So / is a constant. 

Suppose that z is any solution of the system (3.4) in Ai. By (2.34) and (3.2), it can 
be written as 

p 

E E With /.e A. (3.37) 

Let 

5 = {6 e C^-M /g 7^ 0; /g^. = for all 7^ J e N""^}. (3.38) 
The above arguments show that 



{/j I 6 e 5} are constants 



(3.39) 



(cf. the key equations (3.29) and (3.30)). Since X^gg^ /g3;2^i0g is a solution of the system 
(3.4), so is z — X^bes /6^24^6- By induction, we prove the Claim 

To solve the system (2.27) in Ai, we only need to consider the solutions of the form 
z — X2\(f)a with a e C"~^ by the above claim, because (2.27) is a weighted system. Note 



di = (Ai - J^^i.i^J.i + E^:'.A2)^2,i - Xl^J.25j,i- 

j=2 j=3 j=3 



(3.40) 



Denote 



n—l n—r 



ai,r = E"^ ~ ^iP-'^){K + ^) 

p=r p=2 



n-1 

(n-r) + «i,i = ai + ai,2 (3.41) 

q=n—r+l 



1 c 



a2,r = Or - '^{K-p + 1) for r = 2, 3, n - 1. 

p=i 



and 



n—l n—1 

a = J]ai- J](p-2)(Ap + l). 

i=2 p=3 

Letting Xp^q = Oforl<g<p — 2<n — 2in 

n n n 

di{z) = [(Ai -^Xj^idj^i + J2^o,29j,2)d2,i - Xl^J'29j-,i]«\0a) = 

j=2 j=3 j=3 



we get 



n-l 



ai 



i(Ai + 1 - ai,i + a) - ^ a2,rai,r = 



r=2 



by (2.36) and (3.2). 

Suppose n > 3. We take ^ = for 1 < g < p — 2 < n — 2 in 

n n n 

dn,ldi{z) = dn,l[iXl - Xl^^'l^i'l + " XI ^J'25i'l] K'l'/'s) 

j=2 j=3 j=3 



n— 2 i 

]^(a„_i - i - An_p) 
.1=1 p=i 



n-2 



r=2 



n-l 



and obtain 

n— 2 i 

[(ai,i - l)(Ai - ai,i + a) 

- J^0'2,r(ai,r - 1) - (a2,n-l " l)(ai,n-l " 1)] = 0. 

Note that 

[ai,i(Ai + 1 - ai,i + a) - X a2,rai,r] - [(ai,i - l)(Ai - ai,i + a) 

r=2 

n-2 

- J^a2,r(ai,r- - 1) - (a2,n-l " l)(ai,n-i - 1)] 

r=2 

n-l 

= Ai + a - X a2,r + 1 - ai,n-i = Ai + 1 - ai,„_i 

r-=2 
n-l 

= (n - 1) + Aj - a„_i. 

i=l 

By (3.45), (3.47) and (3.48), we have 

n-l i 



Therefore, 

i 

a„_i e {0, i + ^ A„_p I i = 1, 2, n - 1}. (3.50) 
Assume n = 3. Then 

c^i = (Ai - a;2,i52,i - xa^i^a,! + Xg^a^a^aj^a,! - 0:3,253,1, (3.51) 
z = = <\(X3,2 + X3,i92,i)'^H^2r''~')' (3-52) 

and (3.45) becomes 

(oi + a2 - A2 - l)(Ai + A2 + 2 - ai) - 02(02 - A2 - 1) = (3.53) 
Letting 0:3,1 = in 

d^,idi{z) = 53,i[(Ai - a;2,i52,i - a;3,i53,i + 0:3,253,2)52,1 

-^3,253,i]KK2 + Xs,^d2,irix^,X''-')] = 0, (3.54) 

we get 

02(02 - A2 - l)(oi + 02 - A2 - 2)(Ai + A2 + 1 - oi) 

-02(02 - l)(o2 - A2 - l)(o2 - A2 - 2) = 0, (3.55) 
equivalently 

02(02 - A2 - l)[(oi + 02 - A2 - 2)(Ai + A2 + 1 - oi) - (02 - l)(o2 - A2 - 2)] = 0. (3.56) 

By (3.53), we have 

(oi + 02 - A2 - 2)(Ai + A2 + 1 - oi) - (02 - l)(o2 - A2 - 2) 
= -(Ai + 02) + 02(^2 - A2 - 1) - (02 - l)(o2 - A2 - 2) 
= -(Ai + 02) + 2o2-A2-2 

= 02 - Ai - A2 - 2. (3.57) 

Thus (3.56) and (3.57) give 

02(02 - A2 - l)(o2 - Ai - A2 - 2) = 0, (3.58) 

which imphes that (3.50) holds for any n > 2. 

When n — 2, the solution space of (2.27) is C + C(Ti(1) by (2.66). In general, we can 
use (3.50) to reduce the problem of solving (2.27) to sl{n — 1) as follows. Denote 

XU — ^ai aa a2-A„-i-l a^-An-i-l ar-A„-i A„_(^_i)-(7— 1) 

^2 ~ -^2,1 '/2 '11 'Ir 'lr-1 '11 

1„_2 an-2— An-i— 1 an-2+3 — A3 A„_i— n 

■ ■ ■ '/n-2 '/ra-3 ' ' ' '11 

v7-f\-r'~^'~'~^ ■ ■ ■ ^-^3--Ai-i-(i-2) ^3_gg^ 



for i — 1, n — l,n, where we treat 

v7-t'~'Vi-t'~^'~'~^ ■ ■ ■ Tj-^^--^^-'-^'-^^ = 1 if i = 1, 2. (3.60) 
Moreover, we set 

V'n = l, V'i = 0-n-lO-n-2---0-i(l) =77„_i Vn-2 ' ' ' Vi {^) , (3-61) 

for i — 1,2, ...,n — 1. Then {-^j \ i — 1, ...,n — l,n} are solutions of (2.27) by Theorem 
2.5. Denote 

n—i 

A„-i,n = 0, A„_i,j = n - i + ^ A„_p for i = 1, 2, n - 1. (3.62) 

p=i 

According to (3.50), 

a„_i = Xn-i,i„-i for some e {1, n - 1, n}. (3.63) 

Thus, 

;2 = 4\05 = ^,„_,^,„_,. (3.64) 

Set 



^5""'^ = ^ A,„_, + A,„_,_i + 1 if j=^„_i-l, (3.65) 
Aj+i if <j<n-2 

for j = 1, 2, n - 2. By (2.29) and (2.30), 

hj{i^i„.,) = 0(V'i„-i) = for i = 1, 2, n - 2. (3.66) 

Define 

n— 1 n— 1 

= (A- — ^ Xj^idj^i + ^ Xj,i+i9j,i+i)9j+i,i 

j=i+l J=i+2 
j— 1 n— 1 

+ XI - Xj^i+idj,i (3.67) 

for i = 1, 2, n - 2 by (2.25). Then the system 

di{%^_,^i„_,)^[di,%^_,]{iPi^_,)^0 for z = l,2,...,n-2 (3.68) 

is equivalent to the system 

Ji(*i„_,(l)) = for i = l,2,...,n-2 (3.68) 

by Lemma 2.2, (3.64) and (3.66). The system (3.68) is a version (2.27) for sl{n - 1). By 
induction on n, there exist a cr' e Sn^i and a constant c e C such that ^i„_iV'i„-i — 



Xj if j < in-i - 1, 



1 n 



ca'{ipi^_^). Thus z — ca'{l) or z — ca'an-iCTn-i ■ ■ for some < n — 1. The 

last conclusion follows from (2.58) and induction. □ 

If 

n-l 

n-l + ^ApGN + l, (3.69) 

p=i 

then 

= (7i • • • (T„_2(7„_i(7„_2 • • • (7i(l) (3.70) 

is a polynomial and so t~^(0) (cf. (2.22)) is a nontrivial singular vector in the Verma 
module Mx (cf. (2.14)), which was obtained by Malikov, Feigin and Fuchs [MFF]. In 
general, for l<i<j<n — 1, 

j 

4>i,j = CTi • • • <^j-i<^j<^j-i ■ ■ ■ c"i(l) is a polynomial if j — i + 1 + G N. (3-71) 

r=i 

By (3.50) and induction on n, we have: 

CoroIIciry 3.2. The Verma module Mx is irreducible if and only if 

i-i 

j + ^ \i+p ^ N /or 1 < i < n - 1, < J < n - i. (3.72) 

p=0 
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